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The well-known Marcinkiewicz-Zygmund inequality 
where T is a trigonometric polynomial of degree n and A, depends on p only, will 
be generalized to have the right hand side containing the derivative values as well. 
The results will then lx applied to prove the mean convergence of the Hermite 
interpolation by trigonometric polynomials on equidistant nodes. ci” 1991 Academic 
Press, Inc. 
1. INTRODUCTION 
For a positive integer m, the class of trigonometric polynomial Ym of 
degree m is defined as the following: TE Fm if 
T(x)=a,+ f ( ak cos kx + b, sin kx), (1.1) 
k=l 
where ak and b, are complex numbers. Let n be a positive integer, 
kn = 2kn/n, 0 < k < n - 1. In investigating the Lagrange interpolation 
ty trigonometric polynomial based on the equidistant nodes {xk,>, 
Marcinkiewicz and Zygmund proved the following inequality [7, Vol. 2, 
p. 281. 
THEOREM A. Let n = 2r + 1, S E FP. Then 
{J 
2n IS(x)(Pdx 
UP 
I 1 
<A, ; $1 IS(X,.,)ip}l’p, 1 <p-c +cO, (1.2) 
0 
where A, depends on p only. 
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The inequality (1.2) is now being referred to as the Marcinkiewicz- 
Zygmund inequality. For a given 2rc-periodic function J; the trigonometric 
Lagrange interpolating polynomial L,(f) is defined as the unique 
trigonometric polynomial in < (n = 2r + 1) that coincides with f at xk,,, 
O<k<n - 1. If we apply the inequality (1.2) with S= L,(S), then we have 
In particular, if f is continuous, then the Lp norm of the Lagrange inter- 
polant is bounded. Since L,(f) is a projector, it then follows that L,(f) 
converges to f in Lp metric, as n + co. 
The main purpose of the present paper is to generalize the 
Marcinkiewicz-Zygmund inequality to trigonometric polynomials of 
certain class, while the right hand side of the inequality will contain the 
derivative values as well. The generalized inequality will then be used to 
prove the mean convergence of the Hermite and some other interpolants. 
Since the Hermite interpolation is not always regular in Tm, we need to 
consider the following class of trigonometric polynomials as well. We shall 
say that TE &,, if 
m-1 
T(x) = a, + 1 (ak COS kx + b, Sin kx) 
k=O 
+a,cos rnx-y , 
( ) 
e=Oor 1. 
Let [t] denote the integer part of t. For a given integer q>O and n >O, 
let ~4, := [ (qn + 1)/2]. We shall say that TE S,4 if T is in one of the 
following classes for the corresponding q and n. 
(I) n=2;+ 1, q is even, TEF~~+,, 
(II) n=2r+l, q is odd, TE~&+,,~, 
(III) n = 2r, q is even, TE~~~+,,~, 
(IV) n=2r, q is odd, TE~,~~+~,~. 
Our generalized Marcinkiewicz-Zygmund inequality will hold for TE Y;. 
The Hermite interpolating polynomial H,,(x) is a trigonometric poly- 
nomial in Y; which is uniquely defined by the conditions 
H$‘(Xkn) = ajn 3 Odkdn-l,O<jdq, (1.4) 
for given (ain}. The following theorem characterizes the existence and 
uniqueness of H,,(X). 
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THEOREM B. The Hermite interpolation by trigonometric polynomials at 
(1.4) is well-defined only when H,, E 9:. 
For example, if n = 2r and q is even, then H,, is well-defined only in 
5 qr+ r,O* In particular, if n = 2r, then the Lagrange interpolating polynomial 
Ho,, is well-defined only in YP,o. While if n = 2r + 1, then Ho,, is well- 
defined only in Fr. This Theorem is a special case of a general theorem 
by Cavaretta, Sharma, and Varga [l] (see also Sharma, Smith, and 
Tzimbalario [6]). These authors obtained the necessary and sufficient 
conditions for the regularity of (0, m,, m2, . . . . m4) interpolation by tri- 
gonometric polynomials, where the derivatives that satisfy the interpolation 
conditions are of the order m, , m2, . . . . m4. When ajk=fCi)(xkn) at (1.4) for 
a given 2n-periodic function f, we shall write H,,(x) = H,,(f; x). Clearly 
for TEF~ “3 
T(x) = H,,U’, x). (1.5) 
We shall state and prove the generalized Marcinkiewicz-Zygmund 
inequality in the next section. The mean convergence results will be 
discussed in Section 3. 
2. THE GENERALIZED MARCINKIEWICZ-ZYGMUND INEQUALITY 
The main result of this section is the following. 
THEOREM 1. Let n >O and q b0 be given integers. Then for any 
trigonometric polynomial T E S,4, 
VP 
IT(x dx 
> 
i ‘cl IT(j)(xkn)lP/njpfl lip, 
> 
1 <p< +co, (2.1) 
j=O k=O 
where B,, is a constant depending only on p and q. 
The requirement TE S,4 is a natural one, since by Theorem B, we can 
find T$F’,4 such that T(j’(x,) =O, but ()Tll, > 0, which will contradict 
(2.1). For n = 2r + 1 and q = 0, Theorem 1 reduces to Theorem A. 
To prove this theorem, we shall need the following classes of complex 
polynomials. We say that P E Z7, if 
P(z)= f CkZk, 
k=O 
(2.2) 
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and that P E Z7,,,, if 
m-1 
P(z)=&)+ 1 CkZ~+(1-2&)CoZm, e=Oor 1. (2.3) 
k=l 
Under the transformation z = e’“, we have the following relations between 
KL and K,, 
and 
TE Fm iff T(x) = z-“P(z), pEn2l?l, (2.4) 
TE Kn,, iff T(x) = z-“P(z), pEnh,e. (2.5) 
Let zkn = eiXk”, 0 < k < n - 1. The Marcinkiewicz-Zygmund inequality for 
the complex polynomials is the following 
LEMMA 1 [7, Vol. 2, p. 30, Theorem 7.101. Let P E l7- 1. Then 
IP(z I4 111 = I
)‘“<A;(; 1:; ,P(zkn),‘)“‘, 1 <p-C +a. (2.6) 
where AL = 2A, + 1. 
If n = 2r and q = 0, then by Theorem B, the Lagrange interpolation by 
trigonometric polynomial is well-defined only in z;,O. The corresponding 
complex interpolating polynomial is then in n,,, by (2.5). The next lemma 
is the analogy of Lemma 1 in this case, which is of interest in itself. 
LEMMA 2. Let n be an even integer. Then (2.6) holds for P E Il,,, with the 
same A;. 
Proof: Since P E l7,,,, we can write 
n-1 
P(z) = cg + 1 CkZk + cgzn. 
k=l 
We now rewrite P(z) as 
2P(z)= : = PI(Z) + P*(z). 
Since za = 1, we have from the above expression, 
pl(zkn) =PZtZkn) = P(Zkn), OGkdn-1. 
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Notice that P,(z) and P,(z)/z are both polynomials of degree n - 1, we can 
apply Lemma 1 on them. It then follows from (2.6) that 
and 
From these two inequalities, the desired inequality follows from the 
Minkowski inequality. 1 
Remark. For 0 < p < 1, there is an analogy of Lemma 1 in [7, Vol. 2, 
p. 33, Theorem 7.271 
PEl7,-,. (2.7) 
IzI= 1 
From the proof of Lemma 2, it is clear that (2.7) also holds for P E II,,,, 
n is even integer. 
We shall also need the following counterpart of the above lemmas. 
LEMMA 3. Let 0 < p -C +oo, n > 0, and q > 0 be given integers. Then for 
any trigonometric polynomial SE 9&, 
where A depends on q only. 
This lemma is a special case of a much more general theorem by 
Lubinsky, Mate, and Nevai [4, Theorem 21. For SE Y, with n = 2r + 1 and 
p 2 1, it was proved by Marcinkiewicz and Zygmund [7, Vol. 2, p. 30, 
Theorem 7. lo]. 
Proof of Theorem 1. We shall use induction on q. For q = 0, n = 2r + 1, 
the inequality (2.1) reduces to Theorem A. For q = 0, n = 2r, it follows from 
Lemma 2 upon taking the transformation z = eix and using the relation 
(2.5) with E = 0. 
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Now suppose that inequality (2.1) has been proved for all trigonometric 
polynomials in Y;. Let TE 9:“. By (1.5), 
T(x) = Hq, L,(T; ~1. 
Since Yqc Fz+ ‘, we have also T(x)- H,,(T, x) EY-,~+~. Notice that 
T(x) - Hi,( T; x) and its derivatives up to qth order are equal to zero at 
xkn, 0 G k < n - 1, it then follows from (2.4) and (2.5) that 
T(~)-H,,(T,x)=z-~~-~P(z) (2.9) 
and 
P(z) = (z”- l)y+ 1 Q(z), (2.10) 
where Q,(z) E ZZ,- r for n = 2r + 1 and q being an even integer, and 
Qn(z) E IT,, for n = 2r + 1 and q even or any integer IZ and q odd. Hence 
we have from Lemma 1 and Lemma 2 that 
UP IlP 
IT(x)-H,,(T;x)lPdx 
) 0 
= If’(z)lp ldzl (z(= 1 
> 
UP 
<2q+1 \ lQ&,lp I4 <2 q+‘At 
121 = 1 
p (; ;;; re.ia.,lp)l’p- (2.11) 
From relations (2.9) and (2.10), it follows that 
Ip(‘+ %m)l = I Tcq+ ‘)(x/J - H:+ l)(Xkn)( 
and 
zq+ lP(q+')(zk,) 
Q&n)= Tq+ ;,! nq+l . 
Therefore, 
lQ,(z,)l =tq+ If!nq+I IT’4+1’(~~n)-Hjp,+1’(x~,)l. (2.12) 
Applying Lemma 3 with S= H%+‘)(T), we have 
; ;li; I%n 
UP 
(q+l)(T, xkn)/nq+‘IP 
> 
A 
<- nq+’ 
IH$+l)(T;x)lPdx 
> 
UP 
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< AB,, ( i “cl ) TcJ)(xkn), p,nip + I)“‘, 
j=O k=O 
(2.13) 
where the second inequality follows by using the Bernstein inequality 
[7, Vol. 2, p. 11, Theorem 3.161 q + 1 times, and the last inequality follows 
from the induction assumption. From (2.11), (2.12) and (2.13) we then 
have 
(J 2n IT(x)-H,,(z-;x),Pdx 
llP 
0 
<--$$ [y; ,T(q+')(Xkn),P/II(q+')p+' 
+(ABpq)P i “cl ,T”l(x,,)iPjn”+‘] 
II,, 
j=O k=O 
q+1 n-1 VP 
c 1 , T”‘(x,,), ‘/d’+l , 
j=O k=O 
(2.14) 
where C,, = (4Ab/(q + l)!) max( 1, AB,,). Therefore the inequality (2.1) for 
5 z + ’ now follows from 
(J 2n ,T(x),Pdx 
I/P 
> (J 
llP 
< 2n IT(x)-H,,(T,x),Pdx 
0 0 > 
l/P 
+ 
( 
Jzn IH,“(T x)1” kc 
0 > 
and the induction assumption. The proof is completed. 1 
3. MEAN CONVERGENCE OF THE INTERPOLATING POLYNOMIALS 
Let f be a 2a-periodic function. For given integers n > 0, q 2 0, we shall 
consider the interpolating operator R,,(f) E Sz, which is uniquely defined 
by 
&q(f; Xkn) = ftXk,,h O<kdn-1 
Rl;‘,‘(f; &,a) = @j$ 
(3.1) 
ldj<q,Odkdn-1, 
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where if q= 0, we drop the second line. It is known that R,, is a linear 
operator. It can be written as 
n-1 
&,(.f; x) = c fb-,A ho, lx - xkn) + i ‘il @?hj& - x/w), 
k=O j=l k=O 
where hjq(x), 0 <j < q, are the fundamental polynomials of the interpola- 
tion, and they are given explicitly in [S, 61. We first prove the following. 
THEOREM 2. Let f E C[O, 2711. Zf j?$)= o(d), O<k <n - l., 1 <j< q, 
then 
lim J I~*,(f;x)-f(x)l~~x=o~ o<p< +co. (3.2) n-co 0 
Proof: It is enough to prove Theorem 2 for p > 1 (see [7, Vol. 1, p. 25, 
Theorem 10.12). Let J,(f; X) be the well-known Jackson polynomial in 5, 
where n = 2r or n = 2r + 1. Then it is known [3] that there exist a constant 
c, such that 
/ 4, 
If(x)-Jn(f;x)I <co f;; 
c ) 
(3.3) 
and 
1 
IJy’(f; x)1 < cnjo f; - 
( > 
, (3.4) n 
where o(f; 6) denotes the modulus of continuity of f: We now apply 
Theorem 1 on R,,(f; x) - J,(f; x). Then by (3.1), 
I 2n IR,,(f;x)-J,(f;x)lpdx 0 
G BP4 ;;;; If(xk,)-J,(f;xkn)lP+2P i “c’ #:)IP/niP+’ 
j=l k=O 
q n-l 
+2* c 1 IJl;“(f;xkn)(P/niP+l 
j=l k=O 1 
< Cl (-(f;~>‘+o(l)), 
where c1 depends only on p and q, therefore 
_ 2n 
lim 1 IR,,(f;x)-J,(f;~)l~dx=O. n-c.3 0 
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Thus by 
f(x) - Rqn(f; xl =.0x) - J,(f; xl + J,(f; x) - R,,W xl, 
Eq. (3.2) follows from the Minkowski inequality and (3.3). The proof is 
completed. 1 
When all /I$!) = f”‘(x,,), 1 < j < q, 0 6 k < n - 1, then R,(f; x) is just 
H,,(f; x) defined in Section 1. Let E,(f) denote the best uniform 
approximation to f by the trigonometric polynomials in Yr where PI = r or 
r + 1. We have the following theorem for H,,(f; x). 
THEOREM 3. Let f E Cq[O, 2~1. Then for any j, 0 < j < q, 
l/P 
Iffz’,‘(f; x) -f”‘(x)l” dx 
> 
dc 9, o<p< +a, 
where c depends only on p and q. 
Proof. Again, it is enough to prove the case 1 < p < + CO. We need one 
theorem due to Czipszer and Freud [2], according to which, there exists 
a trigonometric polynomial p,, such that 
E (f”‘) p(x) - p”‘( )I <c n n x nq-i (3.6) 
for f~ Cq[O, 2n]. Since H,,(f; x) is a projector, we have 
Hq,(P,; x) = P,(X). 
Therefore, it follows that 
f”‘(x) - H~)( ; x) =f”‘(x) - pl(‘(x) + Hlln’(f- pn; x). (3.7) 
Applying the Bernstein inequality on Hl’,‘(f - p,; x) and then Theorem 1 
on H,,(S - pn ; x), we have 
UP 
IHb’,‘(f- p,; x)1” dx 
> 
< n’ .(su’” I~q?l(/-P.;X)l~dx)l’p 
I 
j$o 181 If”‘(x,,) - p!,j)(xkn)[P/njP+ l)‘” 
< c .%u’q’) \ nq-i ’ 
4G9/161,‘2-11 
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where the last inequality follows from (3.6). Thus by Eq. (3.7), inequality 
(3.5) follows from the Minkowski inequality. m 
As we mentioned before, the Hermite interpolation is only a special case 
of (0, m, ) . ..) m,) interpolation. It will be interesting to prove the mean con- 
vergence of (0, m,, . . . . mq) interpolation in full generality. However, our 
proof of Theorem 1 used the induction, which depends on the fact that for 
the Hermite interpolation the derivatives that interpolate are consecutive. 
To consider the (0, m,, . . . . m,) interpolation, it seems that we need to look 
into the explicit formulas of the fundamental polynomials. Since these for- 
mulas are given in terms of determinants, or sum of the determinants (see 
[S, 6]), it will be very complicated to prove the analogy of Theorem 1, 
even if it can be done. We hope that this remark and the simple proof of 
Theorem 1 justify our consideration of the Hermite interpolation here. 
REFERENCB 
1. A. S. CAVARETTA, A. SHARMA, AND R. S. VARGA, Lacunary trigonometric interpolation on 
equidistant nodes, in “Quantitative Approximation” (R. A. DeVore and K. Scherer, Eds.), 
pp. 63-80, Academic Press, Orlando, FL, 1980. 
2. J. CZ~PSZER AND G. FREUD, Sur I’approximation dune function ptriodique et de ses 
derides successives par un polynome trigonometrique t par ses derides successives, Acra 
Math. 99 (1958), 33-57. 
3. 0. KtS, Remarks on interpolation, Acta Math. Acud. Sci. Hungur. 11 (1960), 49-64. 
[In Russian] 
4. D. S. LUBINSKY, A. MAti, AND P. NEVAI, Quadrature sums involving pth powers of poly- 
nomials, SIAM J. Mad Anal. 18 (1987), 531-544. 
5. S. RIEMENSCHNEIDER, A. SHARMA, AND P. SMITH, Convergence of lacunary trigonometric 
interpolation on equidistant nodes, Actu Math. Acud. Sci. Hungar. 39, Nos. 1-3 (1982), 
27-37. 
6. A. SHARMA, P. SMITH, AND J. TZIMBALARIO, Polynomial interpolation in roots of unity with 
applications, in “Proc. Conference on Approx. Theory” (Z. Ciesielski, Ed.), pp. 667-685, 
North-Holland, Amsterdam, 1981. 
7. A. ZYGMUND, “Trigonometric Series,” Vols. 1 and 2, Cambridge Univ. Press, Cambridge, 
1959. 
